Abstract In this paper, we work out some explicit formulae for double nonlinear Euler sums involving harmonic numbers and alternating harmonic numbers. As applications of these formulae, we give new closed form representations of several quadratic Euler sums through Riemann zeta function and linear sums. The given representations are new.
Introduction
In this paper, harmonic numbers, alternating harmonic numbers and their generalizations define as
The classical linear Euler sum is defined by Euler showed this problem in the case p = 1 and gave a general formula for odd weight p + q in 1775. He conjectured that the double linear sums would be reducible to zeta values when p + q is odd, and even gave what he hoped to obtain the general formula. In [3] , D. Borwein, J.M. Borwein and R. Girgensohn proved conjecture and formula, and in [2] , D.H. Bailey, J.M. Borwein and R. Girgensohn conjectured that the double linear sums when p + q > 7, p + q is even, are not reducible. Let π = (π 1 , . . . , π k ) be a partition of integer p and p = π 1 + · · · + π k with π 1 ≤ π 2 ≤ · · · ≤ π k .
The classical double nonlinear Euler sum of index π, q is defined as follows (see [12] )
where the quantity π 1 + · · · + π k + q and k called the weight and the degree.
In general, we can also define the double Euler sums by the series 4) where
positive integer), then we call the identity Cth-order Euler sums.
In [12] , Philippe Flajolet and Bruno Salvy gave explicit reductions to zeta values for all linear sums
when p + q is an odd weight. The evaluation of linear sums in terms of values of Riemann zeta function and polylogarithm function at positive integers is known when (p, q) = (1, 3), (2, 2), or p + q is odd [6, 12, 18] . For instance, we have
The polylogarithm function defined for |x| ≤ 1 by
The relationship between the values of the Riemann zeta function and Euler sums has been studied by many authors, for example see [2] [3] [4] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [19] [20] . From [18] , for a multi-index S = (s 1 , s 2 , · · · , s k ) (s i ∈ N, s 1 ≥ 2), the multiple zeta value (MZV for short) and the multiple zeta-star value (MZSV for short) are defined, respectively, by convergent series
We put a bar on top of s j (j = 1, · · · k) if there is a sign (−1) n j appearing in the denominator on the right. For example,
By using the above notations, we have
The main purpose of this paper is to evaluate some quadratic Euler sums which involving harmonic numbers and alternating harmonic numbers, either linearly or nonlinearly. In this paper, we will prove that all quadratic double sums
are reducible to polynomials in zeta values and to linear sums, m is a positive integer. Similarly, we have the following relations
The following lemma will be useful in the development of the main theorems.
Lemma 1.1 Let n be a positive integers. We have the following relations
Proof. To prove (1.6), using Cauchy product formula, we have
Furthermore, by (1.10) and Cauchy product formula, we can obtain
On the other hand, from [14] , we get
Similarly, applying (1.12), then have
Comparing (1.11) and (1.13), we can obtain (1.6). Now, we prove (1.7). We see that we may rewrite the left side of (
Similarly to the proof of (1.6) and (1.7), we can prove (1.8) and (1.9).
Main Theorems and Proof
In this section, we will establish some explicit relationships which involve alternating quadratic Euler sums and linear sums.
Proof. Let
Using the definition of I m , we can easily verify that
On the other hand, we have
n m and summing with respect to n. The result is
(2.4) Substituting (2.2) into (2.4) yields desired result. Theorem 2.2 Let s ≥ 1 be integer. Then the following identity holds
Proof. For real −1 ≤ x < 1 and integers s (s ≥ 2) and t ≥ 0, consider function
H n x n y n n s+t+1 + T s−1,t+1 (x, y) .
Obviously, H
s (x) = Li s (x). Hence, we can rewrite (2.7) as
Telescoping this gives
Taking t = 0 in (2.9) yield
From the definition of T s,t (x, y), we conclude that
Noting that
1 (x) = 0, (2.16)
Combining (2.10)-(2.17) and taking (x, y) → (1, 1), (1, −1), we can obtain (2.5) and (2.6). If taking (x, y) → (1, −1) in (2.10)-(2.12) and combining (1.9), we can give the following Corollary.
Corollary 2.3 Let s ≥ 2 be integer, we have
In the same way, we can obtain the following Theorem.
Theorem 2.4 Let s ≥ 1 be integer, then have
Proof. Similarly to the proof of Theorem 2.2, considering function
We have the following identity
Taking (x, y) → (−1, −1), (−1, 1), (1, −1) and combining (1. 
Proof. Using integration by parts, we can verify that
(2.29) Now, we consider the following integral
Using (1.12) and (2.28), we can find that
On the other hand, by (2.29), we have
Combining (2.30) and (2.31), we can obtain (2.26). Similarly to the proof of (2.26), considering integral
we deduce (2.27) holds.
Representation of Euler sums by zeta values and linear sums
In this section, we consider the analytic representations of quadratic Euler sums of the form
through zeta values and linear sums, and give explicit formulae for several 6th-order quadratic sums in terms of zeta values and linear sums.
Theorem 3.1 For m ≥ 1 and m ∈ Z, we have
Proof. Replacing m by 2m − 1 in (2.1) and taking s = 2m in (2.5), we can obtain (3.1) and (3.2).
Theorem 3.2 For p ≥ 1 and p ∈ Z, we have
Proof. From (1.8)(2.18) and (2.21), we obtain
Taking s = p + 1 in (3.4) and combining (2.26), we can obtain (3.3).
Proof. The following identity is easily derived
Multiplying (3.6) by 1 n p+1 and summing with respect to n, the result is
Substituting (2.19)(2.27) into (3.7), we deduce Theorem 3.3 holds.
Proof. By the definitions of harmonic numbers and alternating harmonic numbers, we have the relations
10)
Here h n (p) is defined by
Hence, from (3.10) and (3.11), we get
(3.13)
Combining (3.12) and (3.13), we can obtain (3.8) and (3.9). Taking p = 1, l = 2m in (3.8) and (3.9), we have 
